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Abstract-This paper contains the results of a theoretical and experimental study of asymmetric heat 
transfer to air in fully developed turbulent flow between two smooth parallel plates. The heat fluxes at 
the plate surfaces were of different magnitude; in the theoretical analysis, each surface heat flux was 
assumed to be uniform in the flow direction. In the experimental work, two-dimensional flow was 
simulated by means of long ducts of large aspect ratio. 

Velocity distribution and friction data in adiabatic flow were recorded, and these showed good 
agreement with accepted relationships. Heat-transfer measurements were made firstly with one wall 
insulated and then with heat transfer at both walls. In the latter series of experiments, the wall fluxes 
were unequal and of opposite sign. The experimental heat-transfer coefficient for the wall through 
which heat was transferred to the fluid was observed to be less than the accepted vaIue for the case of 
symmetrical heat transfer and to decrease as the degree of asymmetry increases. A decrease in heat 
transfer coefficient of up to about 40 per cent was measured. 

The theory, which is based on the analogy between the transfers of heat and momentum, is more 
rigorous than that published by the author in a previous paper and is adequately supported by the 
experimental data. 

It is concluded that the heat-transfer coefficient is dependent on the heat-flux distribution around the 
circumference of the flow section. 
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tion and centre-line 
velocities; 
distance in flow 
direction; 
wall distance ; 
absolute and kine- 
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w(= u/u ) dimensionless velo- 

Y+i_Y$$; s+(= ?I, ;~zE$E;rslis- 

Re( = 2,6//y), Reynolds number 
(two-dimensional) ; 

Re’( =(4_4/P)ti/v), Reynolds number 
(channel) ; 

Nu( = hD,/fc), Nusselt number ; 
pr(= 9/K>, Prandtl number. 

Suffixes 
B, bulk; 

centre-line . 
:, bottom wail; 
0, upper wall ; 
a, environment (or ambient); 
1, inlet ; 
s, surface ; 
M, momentum; 
H, heat; 
1, value at the outside of the laminar and 

transition region; 
2, value at y = s/3. 

1. INTRODUCTION 

PIPE or tube flow with uniform heat transfer 
around the circumference has been the subject 
of many theoretical and experimental investiga- 
tions. Many types of fluid have been examined 
and the whole range of flow pattern has been 
studied. Pipe flow is a convenient mechanical 
arrangement, but frequently the engineer finds 
it necessary to employ ducts whose shapes are 
not circular. A typical example of a non- 
circular flow section is the annular coolant 
passage around a nuclear fuel rod. The flow 
pattern in such sections is no longer a simple 
one, and sometimes the added complication of 
asymmetric heat transfer arises. The velocity 
and temperature fields perpendicular to the flow 
are dissimilar, and it is clear that the heat-flux 
distribution around the boundary of the flow 
is a variable of the problem. 

The use of dimensional analysis for the 
solution of heat transfer in the case of the round 
pipe is well known, but when it is used in 
asymmetrical heat-transfer problems, care must 
be exercised. An observation on the use and 
limitations of this approach in non-uniform 

heat transfer has been made by the author [I]. 
The alternative method of solution which 
employs the analogy between the heat and 
momentum transfers is not directly applicable 
in asymmetric cases; an example of how the 
analogy may be modified is recorded in a 
previous analytical paper by the author [2]. 
This work [2] was a preliminary attempt to 
establish the dependence of heat transfer on 
heat-flux distribution around a non-circular 
flow section. The present paper may be con- 
sidered as an extension of this earlier study and 
is concerned with fully developed turbulent flow 
between two smooth plates with unequal heat 
fluxes. Both wall heat fluxes are uniform in the 
flow direction. The idealized model is shown in 
Fig. 1. The degree of asymmetry is measured by 

Lomtnar and transition, ,-- Parallel plates 

t \\\\ + I “” I 
1 - 

Note: wall heat transfers, qw andy q,, 

uniform in direction I 

FIG. 1. Idealized model. 

means of a parameter y which can take either 
positive or negative values. The previous simple 
analysis [2] showed that the heat transfer co- 
efficient is a function of y, Re and Pr. The more 
rigorous theory of the present work is given in 
detail in Appendix A. Beginning with the 
fundamental equations of heat and momentum 
transfer, and using more realistic distributions of 
velocity and eddy diffusivity, we may predict the 
temperature and heat transfer. 

In an effort to detect the effect of asymmetry 
on heat transfer, an experimental programme 
was devised and the results are reported here. 
The working fluid was air. 

2. APPARATUS AND EXPERIMENTAL 
PROGRAMME 

The experimental work was conducted in 
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three parts. In the first phase, in which there was 
zero heat transfer [qw = 01, observations on 
friction and velocity distribution in the flow 
were made. This was an essential part of the work 
because, in addition to ascertaining correct flow 
conditions, the results were employed in the 
heat-transfer experiments and analysis. It was 
also possible to compare the friction and 
velocity data with well-established results of 
previous workers. Phase 2 of the programme 
was for the case of y = 0, i.e. with heat transfer 
at the lower wall only. Finally, in the third and 
last phase, tests were carried out with various 
positive values of y. 

It was necessary to simulate as closely as 
possible the conditions of the idealized model. 
Two-dimensional flow was approximated to by 
means of flow in a duct of large aspect ratio. 
Two ducts (or channels) were employed. In 
phase 1, a duct of section 10 x 1 in. and 5 ft 
long was used. Trip wires on the roof and floor 
were fitted at inlet to enhance flow development 
and to ensure that the velocity profile at the 
velocity-measuring section about 4 ft down- 
stream was fully developed. Static pressure 
tappings’ were fitted at intervals of 6 in. on the 

roof centre-line. A total head probe of O-025 in. 
o.d. hypodermic needle, was mounted on a 
traversing bar which was let into and flush with 
the roof at the 4-ft downstream station. The 
body of the probe was in contact with a dial 
gauge so that the vertical position y could be 
measured to within 0.0005 in. The closest 
approach of the stagnation point to the floor 
of the channel was 0.0125 in. This arrangement 
permitted both transverse and vertical velocity 
traverses of the flow, the purpose of the trans- 
verse movement being to study the unavoidable 
and undesirable side-wall boundary-layer effects. 

In phases 2 and 3, a second duct arrangement 
was employed. The 10 x 1 in. channel was 
unsatisfactory for heat-transfer experiments 
because of its relatively small length/equivalent 
diameter ratio. The thermal entry length is much 
greater than the hydrodynamic entry length, 
particularly when one wall is insulated, i.e. when 
y = 0. Consequently, a narrower duct 9.3 x 
0.32 in. and 5 ft long was constructed and this 
was preceded by an entry length 3 ft long. The 
function of the entry length was to produce 
fully developed flow in the heated length. 
The layout is shown in Fig. 2(a). An additional 
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FIG. 2. Experimental rig (phase 3). 
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feature of the second design was the provision 
of four openings (or glands) through which a 
thermocouple probe could be inserted. The 
gradient of temperature in the flow direction 
could be determined with this arrangement 
(see Appendix C). The vertical dimension of the 
duct could also be checked by means of a depth 
gauge which could be inserted through the 
openings. In both phase 2 and phase 3, heat 
transfer at the lower wall or floor was effected 
electrically. The heater was constructed from 
60 ft of nickel-chrome wire which was let into 
a shallow groove on the surface of a sheet of 
Sindanyo. The groove (and wire) ran to and fro 
across the whole width of the duct, the pitch 
between adjacent runs being Q in. The heater 
was clamped to the underside of the bottom wall 
of the channel and the wire insulated from the 
metallic surface by two sheets of micanite. 
Details of the duct and heater is shown in Fig. 
2(b). The spacers or side walls of the channel 
were made of hardwood to reduce heat con- 
duction from the lower to the upper wall to a 
minimum. To provide various degrees of cooling 
on the upper surface, i.e. variable y, a second 
narrower channel was built on top of the main 
channel. Air was induced through this cooling 
space via a bell-mouth entry by means of two 
vacuum cleaners in parallel as shown in Fig. 2(a). 
Initially, water was tried as the coolant. but 
sealing difficulties were encountered. Further- 
more, the temperature rise in the water was 
found to be very small, making measurement of 
heat extraction unreliable. The ducting and 
heat-transfer length were finally covered in 
Cosywrap fibre-glass insulation. In phase 3 of 
the programme, it was necessary to pre-heat 
the main air to provide the necessary temperature 
difference for heat transfer to the secondary 
coolant. This was done by heaters located at 
inlet to the main blower; later a second bank of 
heaters was installed in the contraction. Any 
desired degree of asymmetry, i.e. any particular 
value of y, was obtained by trial. 

3. INSTRUMENTATION 

The power to the heater was measured by a 
wattmeter. (In the final stages of the experimental 
work, an A.C. Pullin dynamometer test set was 

used.) The electrical circuit included a resistance 
bank for variation of the heater load. 

The environment and air-inlet temperatures 
were recorded on mercury-in-glass thermometers. 
To measure the lower-plate temperature, eight 
copper-constantan thermocouples were soft- 
soldered to the underside of the floor of the 
duct on the centre-line. Calculation showed 
that the temperature drop through the lower 
plate, which was &-in. brass, would be very small, 
SO that the complication of the attachment of 
the thermojunctions to the air-side surface was 
avoided. The thermocouple leads were led 
through holes in the Sindanyo heater carrier 
and the micanite sheets. Fig. 2(a) shows the two 
thermocouples which measured the inlet and 
outlet coolant-air temperatures; these thermo- 
couples were housed in mixing boxes at inlet 
and outlet to the secondary channel. One or 
two additional thermocouples were attached at 
the side of the duct on the lower surface to 
determine if the sideways conduction was 
significant. To measure the gradient of tempera- 
ture of the main air in the flow direction, a 
thermocouple probe was made. The actual 
vertical position of the junction of the probe 
in the air flow was unimportant, provided that 
it was the same at all four measuring stations 
(see Appendix C). Another thermocouple. 
which could be attached by adhesive to the 
outside of the insulation, was used for the 
determination of heat loss to the environment 
(Appendix B). All e.m.f. were recorded on a 
Cambridge workshop potentiometer, a thermo- 
couple selector switch and common cold junction 
at the melting point of ice being incorporated 
in the circuit. All thermocouples were manufac- 
tured from Insuglass copper and constantan wire. 

In all phases of the experimental programme, 
static pressures and total heads were measured 
with an alcohol inclined manometer which 
could be adapted as a null-reading instrument. 
The reservoir of the manometer butted against a 
micrometer screw thus facilitating the accurate 
measurement of small pressures. In the heat- 
transfer tests, velocity traverses were made at 
the duct outlet to determine the mass flow and 
Reynolds number of the flow. The same pitot 
tube was used here as was employed in the 
adiabatic flow tests of phase 1. 
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The secondary air which produced the cooling 
of the upper wall (or roof) of the main duct was 
induced via a bell-mouthed entry at the inlet of 
a very long pipe. A static-pressure tapping was 
fitted at the end of the bell mouth where it 
joined the pipe, and the average velocity in the 
pipe was calculated from the recorded pressure 
drop below atmospheric. A mercury-in-glass 
thermometer near the bell-mouth entry was 
used to measure the room temperature in that 
locality. 

4. EXPERIMENTAL RESULTS AND 
CALCULATIONS 

4.1 AdiabaticJIow (no heat transfer)-phase 1 
A number of runs without heat transfer were 

conducted to measure static pressure and 
velocity distribution in the 10 x 1 in. channel. 
Fig. 3 shows typical results for the variation in 
static pressure along the centre-line of the 
channel. For the major part of the duct length, 
the pressure was linear in distance. During the 

commissioning period, a number of transverse 
static-pressure measurements were made near 
the outlet of the duct, which showed that the 
pressure decreased towards the duct corners. 
This was a three-dimensional effect which was 
associated with secondary flows in the corners. 

A fairly wide range of mass flow was possible 
in these experiments, and a number of the vertical 
velocity profiles at the centre-line of the duct 
4 ft downstream are shown in Fig. 4. It will be 
observed that good symmetry of flow was 
obtained over the whole range of Reynolds 
number. Average velocities were calculated 
from these profiles and related to the cor- 
responding centre-line velocities with the result 
shown in Fig. 5. Included in this figure are 
similar results for measurements taken at the 
9.3 x 0.32 in. duct outlet in the heat-transfer 
experiments. Subsequently, Fig. 5 was used to 
determine the average velocity in a test from 
centre-line velocity measurements. The extent of 
the side-wall boundary layers was determined 

Velocity traverse 

xv ft 

FIG. 3. Pressure distribution in channel (phase 1). 
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Y, in. 

FIG. 4. Velocity profiles (phase 1). 

by a transverse velocity traverse at y = s/2. 
Except for relatively narrow regions adjacent to 
the side walls, the velocity was uniform over the 
whole width of the duct. For comparison with 
recognized correlating equations for velocity 
distribution, the velocity data were plotted as 
generalized velocity profiles as shown in Figs. 
6-8. This was done on both the channel and 
two-dimensional bases, i.e. the wall friction 720 
(and friction velocity u,) was calculated respect- 
ively from 

and 

(1) 

(2) 

the pressure gradient being determined from 
the centre-line static-pressure measurements. 
Clearly, as the aspect ratio of the duct section 
increases, rU calculated from equation (1) 
becomes almost equal to TV calculated from 

equation (2) which is that for the idealized 
model, Fig. 1. In the present case, the difference 
is marked and this becomes evident if com- 
parison is made between Figs. 6 and 7. The 
results on the two-dimensional basis show 
better agreement with the Prandtl-Nikuradse, 
Deissler [3], Knudsen and Katz [4], and 
Corcoran et al. [5] recommendations. As is 
usual, the experimental points close to the wall 
(or channel floor) are too high (see Fig. 8). 
Within the instruments available, only a limited 
amount of data was obtainable in this region. 

It was concluded that this preliminary 
investigation was entirely satisfactory and the 
results and techniques could be used with con- 
fidence in the heat transfer work. The equations 
of Corcoran et al. [5] are preferred for reasons 
given in Appendix A. 

4.2 Heat tramfer-y = O-phase 2 
The heat-transfer experiments were carried 

out with the 9.3 x 0.32 in. duct; in the second 
phase of the programme the upper surface was 
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FIG. 5. Relation between average velocity Ij, and centre-line velocity uc. 
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FIG. 6. Velocity distribution (phase I, channel basis). 
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FIG. 7. Velocity distribution (phase 1, two-dimensional basis). 
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FIG. 8. Velocity distribution near channel floor (phase 1). 

insulated, i.e. y = 0. For various values of the 
mass velocity G and the wall heat flux qw, the 
following measurements were made after steady 
state conditions had been obtained : 

(9 

8 

69 
(vi) 

Environment (or ambient) temperature, 
T* 
%ll temperature, T, ; 
Air inlet temperature, Ti ; 
Insulation surface temperature, T,; 
Heater power ; 
Probe thermocouple temperature, T; 

(vii) Centreline velocity at outlet, u,; 
(viii) Static pressure, p. 

With y = 0, pre-heating of the air was un- 
necessary, and in all runs Ti differed only slightly 
from T, 

Figure 9 shows the friction results of this series 
of tests as Fanning friction factor f against the 
Reynolds number, both parameters being evalu- 
ated on the two-dimensional basis. The employ- 
ment of a duct of much higher aspect ratio in 
phase 2 made -rm as calculated from equations 
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(1) and (2) almost identical. The Blasius relation 
f = 0.079 Re-li4 for tube flow is shown for 
comparison on the understanding that the 
hydraulic radius concept is applicable. In many 
instances of flow in non-circular ducts, the 
friction factorfis frequently too high, and these 
results are typical. However, the correlation is 
considered satisfactory, the scatter of the points 
being attributed to the difficulty of measuring 
small pressure differences. The Blasius relation 
is used in the heat-transfer analysis given in the 
Appendix A. 

f 

6x10“ s- 
\ 
k 

7 I _ I 

15X10' 20xld 30x10" 4ov.105 50x10" 

/?e 

FIG. 9. Friction factors (phase 2). 

To measure the heated-wall heat-transfer 
coefficients, the heat flux qW, wall temperature 
T, and air bulk temperature TB are required. 
When the value of h at a particular value of x is 
required, the local values of qW, T, and TB are 
used. The wall temperature is measured directly 
and Fig. 10 shows its variation in the test at 
Re = 25,800. Thermal entry and exit effects 
exist where shown. The wall temperatures are 
those on the centre-line, and a number of 
temperature measurements across the plate 
showed a decrease towards the corners. This 
departure from the two-dimensional was un- 
avoidable. The bulk temperature of the air was 
determined in two ways. Heat losses were first 
determined as outlined in Appendix B and 
deducted from the electrical power input. The 
net heat input was then equated to the enthalpy 
increase, and the final air temperature calculated. 
Alternatively, the bulk temperature was deter- 

(T, - TB) was observed to decrease with length 
x outside the entry and exit regions, which means 
that, for qw constant, h increases with x. Deissler 
[6] predicts this to be the case, but his reasons 
cannot be used to explain this observation in 
the present experiments. Three-dimensional 
effects are obviously present and these might 
enhance the increase in heat-transfer coefficient 
as x increases. In these circumstances, average 
conditions were taken at about x/De = 50 and the 
heat-transfer coefficient determined at that point. 
The overall result is presented in Fig. 11. The 
experimental results for y = 0 on both methods 
of calculation are compared with the theoretical 
predictions which are derived in Appendix A. 
The dimensional analysis result Nu = O-02 Re0’8 
has been included. The following observations 
were made: 

(i) 

(ii) 

The experimental heat-transfer co- 
efficients were less than the predicted and 
accepted result, Nu = 0.02 Re0’8 for sym- 
metrical heating, y = -1. 
The experimental heat-transfer co- 
efficients based on electric-power and 

mined by measuring the gradient of the air 
temperature at an arbitrary value of y. 

The thermocouple probe was located in the 
main air stream by passage of it through the 
glands. The probe readings were collinear when 
plotted against x, and a line of the same slope 
was drawn through the inlet temperature point 
to obtain the locus of the bulk temperature. 
Appendix C describes the validity of this 
technique and how it may be used to calculate 
heat transfer to the air. The fact that the thermo- 
couple readings were linear in distance indicated 
that the heat flux qW was uniform lengthwise. 
In all cases, the air temperature calculated in 
this way was lower than that determined from 
the electrical-power and heat-loss data. This 
was attributed to the possibility of under- 
estimating the heat losses. The results of the 
calculation made in the two ways are shown in 
Fig. 10. 

To calculate the heat-transfer coefficient h, 
the following equation is used 

h = (T, y TB)’ 
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(iii) 

. 
Thermal entrance I 
-length 

Wall temperature, 

Thermocouples Air temperature - calcutated 
; 
I 

measurement 

Air temperature from Re=25 800 

-Inlet thermocouple probe data Exit--- 

4” “” 7b 

x /De 
FIG. 10. Typical longitudinal-wall and air-temperature profiles (phase 2). 

thermocouple-probe readings were 
respectively greater and less than the 

steady conditions were re-established, the 
readings were repeated. In addition, the bell- 

theoretical values for y = 0. phase 
results calculated from eIectrica1 power 

mouth pressure measurement and secondary 

measurements are probably too high as a 
air inIet and outlet temperatures were noted. 

result of underestimation of the heat 
In the earlier tests of this kind, thermocouple 
probe readings were taken with and without 

losses. With increased heat losses, yw is 
smaller, (T*, - TB) is larger and hence h is 

heat transfer at the upper surface; the purpose 

smaller according to equation (3). 3 
of these measurements is explained in Appendix 
D. 

The scatter of the experimental points 
was wide. This would tend to prevent any 
distinction being made between results 
for y = 0 and future results for y = + 1 
(and intermediate values) by this direct 
method of measuring heat-transfer co- 
efficient. 

Typical wall temperatures for this series of 
tests are shown in Fig. 12. In all cases, there was 
a reduction in the temperature of the lower wall 
when the upper wall was cooled. With y := 0, 
the air-bulk tempera~re was calculated as 
outlined previously on the basis that the ’ heat 
supplied to the air equalled the electrical power 
less the heat losses. 4.3 Heat transfer-variable y-phase 3 

As described previously in section 2, experi- 
ments with y ranging from 0 to +l were 
conducted with the same duct as in phase 2. 
Cooling at the upper surface was produced by a 
secondary air flow. These experiments were run 
as follows : 

With no secondary air, i.e. y = 0, the 
apparatus was operated exactly as in phase 2, 
but with the inlet temperature elevated by 
suppIy of heat at the fan inlet. The same readings 
as listed in section 4.2 were recorded. Cooling 
of the upper surface was then effected by 
operation of the secondary air circuit, and. when 

To determine the main air temperature profile 
with cooling at the upper surface, the heat 
transfer to the main fluid was first calculated 
from the difference between the heat equivalent 
of the electrical power (less losses) and the heat 
extraction at the upper surface. The heat 
transfer at the upper surface was determined 
from the enthalpy increase of the secondary air 
i.e. the secondary air mass flow times the 
temperature rise, times the specific heat. (This 
method of calculation was more reliable in this 
series of experiments than that which used the 
gradient of the main air temperature as deter- 
mined bv the thermocounle probe.1 The net heat 
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Appendix A 
* Calculated , y = + I 

l Experiment, 7’0, electric power basis 

* Experiment, 720, thermocouple basis 
4 2X104 3x104 4x104 

Re 

the lower surface is, of course, an average one. 
This is because the difference between the 
temperature of the main and secondary air 
flows varies with length. The effect was more 
signi~c~t at the high values of y and the 
variation of y with length was kept to a minimum 
by use of large temperature differences and large 
secondary air mass flow. 

In order to study the effect of variable b on 
the lower wall heat-transfer coefficient, the 
ratio ~~~~~~~=~ was calculated for different 
degrees of cooling at approximately constant 
Reynolds number. The previous analysis [2] 
shows that this ratio is only a weak function of 
the Reynolds number and consequently would 
not change significantly over the Reynolds- 
number range of these experiments; furthermore, 
it was anticipated that inaccuracies in the 
experimental work would mask such a depend- 
ency. A Reynolds number of about 16000 was 
selected, although the choice was governed to 
some extent by the facilities available. A number 
of tests were run and in each case the ratio 
~~1~1~~~~~~ was calculated from the equation 

Fir,. 11. Heated-wall heat-transfer coefficients 
(phase 2). NU -.-_. = CT,, - WY=0 

NUY”o (Tw - TB)-’ (4) 
transfer was then equated to the enthalpy increase 
of the main air and the final temperature evalu- An examination of Fig. 12 shows that this ratio 
ated. The longitudinal profile of the bulk tem- is a function of position, so that its value at a 
perature 5% is shown in Fig. 12. 

The value of y which equals the heat transfer 
number of values of (x/De) (away from the entry 

at the upper surface divided by the heat transfer at 
and exit regions) was calculated. The results are 
presented as a plot of Nu/Nu,,=, against y in 

95 
0 30 60 90 

x /o, 

[FIG. 12. Typical longitudinal-wall and air-temperature profiles (phase 3). 
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Fig. 13. The predictions of the previous analysis 5. DISCUSSION AND CONCLUSIONS 

[2] and that given in Appendix A are included. 
In the latter analysis, a linear relation between 

Experiments have been carried out to study 

Nu/Nu,=, is assumed for plotting purposes, 
turbulent flow of air between smooth parallel 

since onIy the extreme cases y = 0 and y =I + 1 
plates and the effect of unequal wall heat 
fluxes on the convective coefficients of heat 

were calculated. This is a safe assumption, transfer. 
because intermediate values may be determined 
on the simple theory and in that case the 

The friction and velocity data for turbulent 

relationship is approximately linear as shown. 
flow in channels of large aspect ratio which were 
used to simulate two-dimensional flow were 

All the experimental points have been included 
in the plot. The most important observation to 

satisfactorily correlated by accepted relation- 
ships. 
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FIG. 13. Variation at heated-wall heat-transfer coefficient, Nu with asymmetry parameter y (phase 3). 

Y 

be made is that, in general, the experimental The heat-transfer results for asymmetrical 
heat-transfer coefficient decreases as y increases heat transfer showed that the heat-transfer 
from zero to unity. The scatter is marked, but coefficient is a function of heat-flux distribution 
agreement between experiment and theory is (around the flow section) and the Reynolds 
readily apparent. The temperature differences number of the flow. For a given Reynolds 
in equation (4) are small so that small errors in number, the heat-transfer coefficient decreases 
measuring the wall temperature and in calcu- as the asymmetry parameter y increases up to 
lating the air bulk temperature can lead to unit value. A variation of heat-transfer co- 
relatively large errors in the value of Nu/Nu,=,. efficient with position in the developed region 
This is probably the main cause of the scatter of was observed, and this might be attributed to 
the experimental data; operation with higher parasitic three-dimensional effects. These effects 
heat fluxes would reduce this. are considered to have been one of the main 
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causes of the scatter of the experimental 
data. 

A more rigorous theoretical study has been 
made (Appendix A). One of the improvements 
of this analysis over the previous work [2] is 
clearly shown in Fig. 14. For y = +l, i.e. 
steady adiabatic flow with heat transfer, the 
temperature profile is unrealistic when calcu- 
lated according to [2], while on the new theory 
it is similar to the experimental temperature 
profile of Page et al. [7]. Further improvement 
in the theory is possible and will be necessary 
in cases where the diffusivities of heat and 
momentum are unequal. The equality of EH 
and EM for all y and Re has been assumed in 
the present analysis, and this is an oversimpliti- 
cation. (The data of Page et al. [7] show a marked 
difference between EH and EM even for gas flow.) 
For lower Prandtl numbers particularly, (W/EM) 
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I \ 
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FIG. 14. Theoretical air temperature protiles, 
y= +1. 

can no longer be considered to be equal to unity, 
but must be expressed as a function of both 
wall distance and Reynolds number. Allowance 
for this variation will have to be made in the 
analysis when the Prandtl-number effect is 
studied. 

The agreement between the theory and 
practice is only fair, but, in view of the difficulties 
in experimentation of this nature, the results of 
the work are satisfactory. Unlike the previous 
analysis [2] which results in a simple working 
formula, the present theoretical study which is 
more thorough will require extensive numerical 
computation before it can be applied directly to 
engineering problems. 

In conclusion, the dependency of local heat- 
transfer coefficient on heat-flux distribution 
around the flow section has been verified: in 
general, it is less than that for symmetrical 
heating at the same Reynolds number of the 
flow. 
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APPENDM A 

Improved Correlution of Heat-Transfer Results 
Tbe previous theoretical analysis of the 

present author [2] serves to illustrate the 
dependence of heat transfer at a point on a wall 
on the variation of heat transfer around the 
boundary of the cross-section through which a 
fluid flows. This simple theory makes the 
following assumptions : 

(i) A finite laminar sub-Iayer; 
(ii) constant turbulent di~usion, c in the main 

stream. 

Both these assumptions are oversimplifications, 
because in reality a sublayer does not exist and 
the turbulence effects vary across the stream 
and vanish at the boundary of the flow. Regions 
near the boundary where E is small offer the 
greatest resistances to heat transfer and there- 
fore a knowledge of the flow near the boundary 
is important. 

For fully developed turbulent flow between 
parallel plates, the r~o~endations of Corcoran 
et al. 15.1 will be used, for they allow for a gradual 
decay of turbulence as the wall is approached 
and a more realistic variation of turbulent 
diffusion across the stream. In the transition 
region near the wall, 0 < ~4~ 5; 27 and 

ui- z &&5 tauh (04X95 y+) (Al) 

and in the fully turbulent region 

U+ = 5.5 + 2.5 In y +. (A2) 

(Note that the first derivatives of these relation- 
ships are equal at yi- = 27.) From these equa- 
tions, the eddy diffusivity E may be determined 
using 

In the ftiy. turbulent region, the velocity 
distribution given above predicts zero c at the 
chaunel centre. Corcoran et al. recommend 
using a constant value of E over the middle 
third of the channel (this constant value is that 
calculated at the point y/s = l/3). The ex- 
pressions for the t~b~ent momentum dif- 
fusion coefficient are as futiows: 

(A3) 

[V coshz (0.0695 y-‘)I 

v 

(iii) S! < s+-v 
1 ? 7-k 

3 
< ?I 
-- 2’ ’ = F2:5 -- ‘. 

* (A4.I 

It will be assumed that these expressions 
describe the distribution of the eddy diffusivity 
for heat also and may be used directly in the 
governing heat-transfer equation 

(AS) 

Then, if q is a known function of y, the tempera- 
ture may be determined and the heat-transfer 
coefhcient calculated. This procedure will be 
applied to various problems and the results will 
be compared with the predictions of the more 
simple theory and the experimental heat- 
transfer data of the present investigation. 

Case I--symtetricai heating (y -=- ‘- 1) 
In this case 

approxi~tely. Therefore, we may use equation 
(A5) to determine the temperature as follows: 

Between the wall and y i = 27, the tempera- 
ture difference (Z”,,j - T,) is 

s 27 (1 - 2y ‘is’) dy” _~.. _-_. __-..- 
0 Pr cosh2 (O-0695 y+)[l - (2y+/s”)] - (Pr - 1) 

(A7) 

or, ignoring the small variations in shear stress 
and heat flux in this region, i.e. y.t’ < si, 
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J 
27 dyt %.Pr I 
o PF coshg (O-0695 yi) - (Pr - 1) = G, ’ 

where 

J 
27 

’ = 

dy+ 
.- 

o Prcosha (o-0695 y’) - (Pr = i)’ (A9) 

In the turbulent region, i.e. for y+ > 27, the 
Reynolds analogy may be used, because r and q 
are similar functions of y in this case. The 
difference between the temperature at the 
1” = 27 position and the bulk temperature is 

I; - TB = B;,, [ii - y]. (*IO) 

Adding equations (AS) and (AIO) we get the 
total temperature difference: 

and the heat transfer coefficient is given by 

Therefore, 

(Tz - TB) 

Ym I+ xi 2 

~-- 
NU = 

Re Pr qw dy+ (A16) 
--. 

c p 17(TW - To) 
(A12) = c p U, [Pr s+/22*5 - (Pr -- l)] J ,f 3 

(7’2 - TB) 

(i) CT, - Tl) = &F 
T 

(ii) 

J 
27 dy- 
,Iprii-=-2j$%+) costi- -~ ’ (*14) 

(0.0695 y+> - (Pr - l)] 

between the positions where ~$7 = 27 and 
y = s/3 the temperature difference 
(T1 - TJ is 

J 
s-+/x dy ’ -.---- _-.-_ _-. ; (Al5) 

27 Kl - W/s+) 
(y”/25) Pr - (?Jr - I,] 

(iii) the difference between the temperature at 
y = s/3 and the temperature at y == 42 is 
(T, - TB), because at y = s/2 the tem- 
perature is the bulk temperature Tn. 

The experiments connected with this report 
were carried out using air when Pr = O-7. The 
integral I can be evaluated graphically and is 
found to be 15.2. Substitution of these values in 
the temperature difference, (T, - TB) and with 
u, = O-1986 ti Re-‘14 (Blasius), gives the heat- 
transfer coefficient as 

0.139 Re7;8 
Nu -= 5KRezi/S L-36 (Pr = O-7). (A13) 

Equation (A13) is shown in Fig. 11. The 
improved theory follows more closely the line 
representing the well-established equation 

Nu = O-023 Reoe8 Pro+ = 0.02 Re”.s 

particularly in the higher range of Re. 

Case 2-Wall heat fluxes of equal magnitude but 
of opposite sign (y = +I) 

Here q = qw = const and the temperate 
distribution is as follows : 

(Al71 

Summing the individual temperature differences 

where 

J 
27 

I1 = 

dy+- 

o [PL(l - 2y+/s+j cosha 
---- (Al9). 

(0.0695 yT) - (Pr - I)] 

which equals 15.2 for Pr = O-7 (see case I), and 

I2 = J 
r+;3 dy-- ~- ----------~- 27 (1 - 2yf/s+) (y-+/2*5) Pr 1 (Pr - 1) 

On rearrangement of the denominator, this 
integral may be evaluated directly. The factor 
(1 - 2y+/s+) must be included in this integral 
for it no longer approximates to unity. Therefore, 
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&__ ____~ 
0.625 ST _~~___ . In 27 - s+/4 - d{ [(l - Pr)/Pr] 1.25 s+ + +/16; .__.. -_ 

Pr $I{[(1 - Pr)/Pr] 1.25 s- + ~+~/16f- 27 - s-1-/4 + d{[(l - Pr)/Pr] 1.25 S+ + ~+~/16: 

s+/12 + 2/([(1 - Pr)/Pr] 1.25~.‘- + st2/16} ____ 
’ s+/12 - 2/([(1 - Pr)/Pr] 1.25 s+ + ~+~/16} 1 . UQl) 

As before to calculate the ratio [(T, - 7’J(Tv - TB)] from 
the velocity and temperature distributions. 

The heat-transfer coefficient Nu is given by 

Nu = 
Re Pr q, 

cpI(T,-TB) (~23) 

which may be evaluated on substitution of 
Pr = 0.7 in the expression for the temperature 
difference (T, - TB). The result is shown in 
Fig. 13 and indicates that the previous theory 
predicts a coefficient which is too small. Fig. 14 
shows a typical temperature profie when 
y = + 1. The discontinuity occurring at y = s/3 
is a result of the assumption of constant E over 
the middle third of the channel. 

d ($j/J: (;) d (yl,j. (A24) 

The temperature profile across the channel 
is determined in a manner identical to that 
employed in the previous cases. The heat flux q 
is assumed to be linear in y, and hence 

q=q, l-5 
[ 1 

(at y = s, y = 0). The expression for the heat- 
transfer coefficient for the heated wall when 
y = 0 is written as 

Re Pr qW 
Case 3-One wall of the channel insulated Nu = 

(Y = 0) 

--- . (;%I cpii(T,-TO) (~6) 

The position of the bulk temperature TB in or 
this case is not readily determined. The pro- 
cedure is to calculate the overall temperature 
difference between the two walls, and then 

O-1986 Re7/” 
Nu = -- 

11 + 12 + 13 + 14 
. (gq) (A27) 

j U’ 

where 

J 
25 

II= ~~ 
(1 - y’/s+) dy+ __--- 

o Pr cosh2 (0.0695 J+) (1 - 2y+/s+) - (Pr - 1) 

J 
91.13 

I, = 
(1 - JJ+/s+) dy+ 

2, (1 - 2y+/s+) (y+ Pr/2*5) - (Pr - 1) 

Sf 

z3= ~ 
6 [Pr s+/22*5 - (Pr - l)] 

J 
+ 13 z, = C.Y+/S+) dy+ 2, (1 - 2y+/s+) (~~‘12.5) Pr - (Pr - 1)’ 
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The temperature drop across the transition 
region adjacent to the insulated wall is very 
small and is ignored because little heat reaches 
this region. The calculation made in this way will 
result in a heat-transfer coefficient which is 
intermediate between those predicted for the 
y = +l andy = -1 cases. 

The foregoing analyses are expected to cover 
a wider range of Prandtl number, in addition to 
increasing the Reynolds number range. If EH and 
EM differ widely, account of this could be taken 
in making the calculation. However, since 
(<H/EM) is a function of both y and Re, the 
algebra becomes unmanageable. Experiments 
with a wide range of different fluids will be 
required to determine the dependence of 
asymmetrical heat transfer on Prandtl number. 

APPENDIX B 

Heat Losses 
For determining the true heat transfer to the 

air in the experiments reported here, heat 
losses must be estimated and deducted from the 
electric-power input. Heat losses are significant 
when the heat fluxes are small, as was the case 
here. The total heat loss to the environs com- 
prises conduction, natural convection and 
radiation components. The former arises because 
of the attachment of the heat experimental 
length of duct to the entry length, and can be 
determined from the slope of the axial tempera- 
ture gradient in the duct at the point of attach- 
ment. The natural convection and radiation 
losses from the duct to the environs are 
CM’,, - T,)5’4 and uA,e(T: - T,“) respectively. 
The constant C varies according to whether the 
surface is vertical or horizontal (facing upwards 
or facing downwards) ; see for example Reference 
M. 

The observations necessary include the insula- 
tion surface temperature T, and the ambient 
temperature T,. The former was measured with a 
thermocouple attached to the surface. Estimates 
made in this way, indicate that the total heat 
loss was of the order of 10 per cent of the 
electric power supplied to the heater. 

When only one wall is heated, thermal con- 
duction to the opposite wall via the sides takes 
place. This was kept to a minimum by the use of 
hardwood material for the side walls, as 

described earlier in section 2. The conduction 
by this path is not a heat loss, but under these 
conditions y is not strictly equal to zero. 

APPENDIX C 

An Alternative Method for the Measurement of 
Heat Transfer to the Air Flow 

An alternative to the measurement of electric- 
power input (less heat losses) for the calculation 
of the heat transfer to the air is the use of a 
thermocouple probe. From steady-flow energy 
consideration+, the heat transfer in the fully 
developed hydrodynamic and thermal-flow 
region equals the increase in enthalpy of the air. 

Considering unit width of duct and two- 
dimensional flow, 

qw 6x = GSC STB. (Cl) 

Clearly a measurement of bulk temperature TB 
in the direction x will give qm. Furthermore, if 
TB increases linearly, then qw must be uniform, 
the verification of which is not possible using 
the electrical measurements alone. It may be 
shown that the gradient of the bulk temperature 
equals the gradient of the temperature at 
constant wall distance when the heat flux is 
constant, i.e. 

~ = __ P-2 

Therefore, provided that the depth of immersion 
of the junction of a thermocouple probe is 
constant, the gradient of the recorded tem- 
perature in the flow direction will be equal to the 
gradient of the bulk temperature. The heat 
flux qau is then calculated from equation (Cl), the 
mass flow velocity G being determined from the 
velocity-profile measurements. 

Another advantage of the probe technique is 
that the temperature data are those far from the 
side walls in regions where the flow approximates 
most closely to a two-dimensional one. 

APPENDIX D 

Alternative Method of Determining the Heated- 
Wall Heat-Transfer Coe$cient for the Cases 

when y f 0 
The alternative method of determining the 

heat transfer with a thermocouple probe (Ap- 
pendix C) may be adopted in cases when 
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y f 0. By the technique outlined here, the 
heat-transfer coefficient for a given asymmetry 
of heat transfer, i.e. for a given value of y, may 
be compared with that for the special case of 
y = 0. 

If we consider the ideal situation, when both 
the wall heat fluxes, qw and y qzC, are constant in 
the flow direction, Fig. 1. then, with constant 
fluid properties, the heat transfer equals the 
enthalpy increase. i.e. 

When the upper surface is adiabatic, then 
y = 0. and 

(W 

when 

y = I - (~)/(~)+. CD31 

The lower-wall heat flux is assumed constant in 
both cases. Therefore the y value may be deter- 
mined from the two experimental temperature 
gradients along the ducts according to equation 
@3X 

The heat transfer coefficient in the general 
case when y f 0 is determined from 

where T, and TB are respectively the local-wall 
and fluid bulk temperatures. The lower-wall 
heat flux y,,, is assumed the same in both cases, 
i.e. when y = 0 and when y + 0. Since, in 
general, TII : Tj + x(ilT~/(?s) at any section x, 

Rbum&Cet article donne les r&sultats d’une ttude theorique et expirimentale de la transmission de 
chaleur dissymktrique dans le cas d’un &oulement d’air turbulent pleinement Ctabli entre deux plaques 
lisses parall&les. Les flux de chaleur sur la surface des plaques ayant des valeurs diffkrentes; dans 1’Ctude 
thkorique. on a suppos& que les deux flux de chaleur des surfaces &aient uniformes dans la direction 
de l’tioulement. Dans le travail expkrimental, I’Qcoulement bi-dimensionnel a BtC rCalisC au moyen de 
conduits g grand allongement. 

On a enregistrk la distribution des vitesses et le coefficient de frottement de l’&coulement adiabatique 
et ces rtsultats sont en bon accord avec ceux que donnent les relations adopt&s. 

Les mesures d’echange thermique ont 6tt faites d’abord avec une paroi isolee puis avec Cchange 
par les deux parois. Dans la dernitre s&ie d’expbiences, les flux des parois etaient inBgaux et de 
signes contraires. On a observe que la valeur expkrimentale du coefficient d’6change thermique, pour la 
paroi cBdant de la chaleur au fluide, est infkrieure & la valeur admise dans le cas d’un &change 
thermique symktrique et qu’elle decroit lorsque le degrt de dissymktrie augmente. On a mesurk une 
diminution du coefficient d’echange allant jusqu’8 40%. 

La thtorie fondCe sur I’analogie entre les transports de chaleur et de quantitt de mouvement est 
plus rigoureuse que celle publiee par I’auteur dans un article p&&dent et tout B fait bien veriti6t par 
les don&es exptrimentales. 

En conclusion. ie coefficient d-&change thermique dkpend de la distribution du flux dc chaleur SUI 
la p&-iph&ie de la section d’&coulement. 

Zusammenfassung--Die Ergebnisse ciner theoretischen und experimentellen Untersuchung iiber 
asymmetrischen WBrmeiibergang an Luft bei voll ausgebildeter turbulenter StrGmung zwischen zwei 
ebenen parallelen Platten werden hier angegeben. Der W&rmefluss an den PlattenoberiXchen konnte 
verschiedene GrBssen annehmen; fiir die theoretische Analyse wurde der WBrmefluss an jeder Platte 
als einheitlich in StrGmungsrichtung vorausgesetzt. Die zweidimensionale StrGmung liess sich bei den 
Versuchen durch lange Kanlle mit grossem SeitenverhLltnis erreichen. Die aufgezeichneten werte 
fiir die Geschwindigkeitsverteilung und die Reibung in adiabater StrGmung zeigten gute Uber- 
einstimmung mit den gemachten Annahmen. Die Messungen fiir den WBrmeiibergang wurden erst 
fi den Fall durchgefiihrt, dass eine Wand isoliert ist, dann fiir den Wlrmeiibergang an beide W%nde. 
Bei letzteren Versuchen war der WBrmefluss beider Platten ungleich und von entgegengesetztem 
Vorzeichen. Der durch das Experiment ermittelte W?irmeiibergangskoeffizient zwischen Wand und 
Fliissigkeit war kleiner als der angenommene Wert fiir den Fall des symmetrischen Wsrmeiibergangs 
und er nahm ab mit zunehmender Asymmetrie. Diese Abnahme des WIrmetibergangskoeffizienten 
betrug bis zu 40%. 
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Die auf der Analogie zwischen Wkme- und Impulsaustausch beruhende Theorie envies sich 
zutreffender als die vom Autor in einer friiheren Arbeit veriiffentlichte und wird von den Versuchs- 

ergebnissen gleichermassen gesttitzt. 
Der W%rmeiibergangskoeffizient scheint van der Wlrmeflussverteilung am Umfang des Strtimungs- 

querschnitts abzuhkgen. 

AEIXOT~~H~I-B cTaTbe npeAcTasneab1 pe3ynbTaTbr TeopeTI,tqecKoro II 3ficnepmtenTa~bHoro 
n3yIeHHFI HeCHMMeTpHYHOPO Tennoo6xema fIOJIHOCTbf0 pa3BmBIfIePOCfl Typ6yJfeHTHOf'O 

TereHHH BO3JJyXa C Orpa?K~aIoII@MIf er0 ZByMFf rJIagKr?Mff IfapaJfJfeJfbHbIMLI JYfJIaCTIfHaMM. 

~~~T~IOCTH TenjIoBoro noToKa na 06errx nosepxnocTnx rmacTI%H 3anasanHcb paanrisabmll no 
BeJIWIEIHe. npll TeOpeTLIYeCKOM We paCCMOTpeHKH 3aAaYIl fIJfOTHOCTb TefIJOBOrO IIOTOKa Ha 

KalKgOfi IfOBepXHOCTH IlpliHHMaJIaCb OALiH3KOBOZt BfiOJfb fI0 TeqeHIIf0 CpenbI. Bo BpeMH 

3KCnepLIMeHTOB mocKoe Tevefnfe BOCIlpOH3BO~HJIOCb npn nonfowfi ~Jff4HHbIX KaHaJfOB c 

C,OJIbIII&fM OTHOCLITeJIbHbIM y~,?EIHeHfIeM. 

nOJfyseHHbIe paCffpeJ(eJIeHHR CKOpOCTIl Te4eHHR II IIOBepXHOCTHOrO TpeHAH B 

a~ffa6aTasecKaX ~C.ZOBRRX HaXO~RTCR B XOpOfIfeM COrjIaCRLI C TeOpeTWfeCKIIMII CO- 

OTHouIeHmsfr~. WaxepeffIwf Tennooheffa npof43Bo~mnmcb njfff cjIygaeB, fioraa 0AHa 113 

CTeHOK ObIJfa Gf3OJIIfpOBaHa, a TaKxie npf4 HaJfwIfm TefIJfOO6MefIa Ha 060~s CTeHKaX. B 

IfOCJIeAHeH cnyqae IIJOTHOCTLI IIOTOKOB TenJfa Ha CTeAKe 6wm rfeo~Irf~aKoBbI 11 I?xexM npO- 

THBOfIOZfOHcHbI~ 3HaIi. 

~Ia~JIfG~eHIIJf ffOIia3~JIlf, '(TO BeJfff'IHHa 3KCffepMMeHTaJfbHO lial~~t?HHOl?O K03+&f~HeHTa 

TeIfJfOO6MeHa AZH cTemm. qepe3 Ko~opyfo nepegasanocb Texfo ~sffqrrleiic~ cpene, fm)fCe, 

'IeM BeJfPfliIIHa, IIpPIIIFITaH JJIFI C,YfyqaH CH.MMeTp~fWOrO ffOABOxa TeIIna fi fIJfaCTIIHaM, If 'IT0 

OHa yi%feHbIIIaeTCfl C BO3paCTaIIDfeM CTeffeHM aCHMMeTpMH. nOJIyseHHOe ~MeHbmeHMe 

KO3~~fS~PfelfTa TefIZIOO6MeHa COCTBBJWfeT npIlMepH0 40% CpaBHIiTeJbHO CO CJIyYaeM 

CHMMeTp&f9HOrO TefIJIOIfO~BOAa. 

Teopmr, ocffof3affffaFi tfa affaxorf4ff Mewny nepeffocohf Tenna II KomqecTBa ;IBffPKeHHJf, 

RB.?ReTCFI 6oneeCTpOrOii,seM O~y6.?~KOBaHHa~aBTOpOMB~pe~bI~y~e~~CTaTbe,~f~OCTOBepHO 

IfOATBepWAaeTCH ffOJf)YeHHbfMff 3KCIfepIIMeHTaJfbHbIMLI AaHHbfMM. 

CJWaH BbIBOA, 9TO KOW#+f~HeHT TefInOO6MeHa 33BLICHT OT paCffpeJ(eJfeHIIFI fI;IOTHOCTM 

TelI.TIOBOrO ITOTOKa Ifa orpaxAaf0fqmX Tegemle CTeHKax IiaHaxa. 


